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INTRODUCTION 
In a recent paper, Amir and Ziegler raised the question if there is an isometric 
characterization of spaces A(K) of continuous affine functions on a compact 
convex set K with a closed set ex(K) of extreme points of K (see [2, problem 
5.31). Here, we give a positive answer to that question. 
Throughout the following, V always denotes a real Banach space and S the 
unit sphere of V. If A is a subset of S we write Z, for the set of all closed hyper- 
planes H in V with the property that A is contained in exactly one of the closed 
semispaces of H. For HE Z, we denote the closed semispace of H containing A 
by Ht. 
We call HE Z, A-essential if for any two different hyperplanes F, G E 2, 
at least one of the conditions (F n G) C H and (F+ n Gf) C H+ is not satisfied. 
Suppose that z, is a point of S and His a hyperplane in V with z, # H. Then, for 
every x E V there is exactly one h E H and exactly one number ASH E R such that 
x = h + hzH . z,, . We call XzH the x,-coefficient of x with respect to H. 
(When we refer to a z,-coefficient hXH, we will always assume that z,, $ H.) 
Now, we are ready to formulate our result. 
THEOREM. Let V be a real Banach space with unit sphere S. V is isometric 
to a space A(K) with ex(K) closed t$T S contains a norm-closed subset A and a 
point z,, E A such that the following conditions are satisfied: 
(1) An(-A) = a. 
(2) [0, I] - A is convex. 
(3) For every x E V\(&z,} the following statements are epuie~alent: 
(9 II XII < 1. 
and zo + x 
llzo + XII EA- 
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c4) If (IJz)z~J LS a net of A-essential hyperplanes, if HE Z, and if for every 
a E A, the net (hf~),~J ( f o z,,-coeflcients of a with respect to H,) converges to haH, 
then H is also A-essential. 
We devrde the proof of the theorem into three parts, the first of which is the 
essential one. 
I. Let K be a compact convex set, B:-{aEA(K)Ia~~O,jlal( = I), 
and H a norm-closed hyperplane in A(K). 
Then, we obtain that 
(a) N 6 Z, ifi there exrsts x E K with H = (a E A(K) j U(X) = O}. 
(b) H is A-essential iff there exists x E ex(K) with H = (u E: A(K) 1 a(x) 
= 0;. 
Proof of I. (a) One checks easily that H E Z 4 if x E K and H = {a E A(K) 1 
a(.\) := Oj. C’onversely, if HE 2, then there is a contmuous linear form f on 
3(K) with f (lK) = 1 and H = (f = O}. Since A and lK lie on the same side 
of H, f must be posttive. Therefore f belongs to the state space of 9(K) and so 
there exists s E K with Ii = {a E A(K) 1 a(x) == O}. 
(b) First, assume that x E ex(K), H = {a E- A(K) 1 a(x) = 0) and that H 
is not -q-essential. Then, there are F, G E Z, with F f G, (F n G) C H and 
(F’ n G+) C H . -according to (a) there exist points si , s2 E K with .~i :f x2 , 
F =: (Q E .J( K) a(~~) = 0) and G = {a E A(K) / a(~,) = 01. 
14:e note that the map 4: A(K) - IIP defined by +(a) :== (a(~,), u(xs)) is 
onto. Then. as a consequence of (F n G) C H, we obtain that a linear map 
x: UP - R IS ~11 defined by x(a(q), a(q)) : = a(.~). Besides, for every a E A(K), 
the following equality holds: 
u(s) == ,y 3 d(u) = x(a(q), a(x_,)) = a(q) . x( 1,O) + u(sJ . x(0, 1). 
Since, due to the condition (F+ n GT) C H+, the numbers X( 1,O) and x(0, 1) 
are positive, It follows immediately that x is a convex combination of x1 and so_ , 
in contradiction to the assumption s E ex(K). Thus H = (a E A(K) 1 a(x) = 0) 
is =;l-essential If s E ex(K). 
Sow, we start with an A-essential hyperplane H. As we know, there is x E K 
wtth H == {a E 9(K) [ u(x) = 01. W e h ave to show that J E ex(K). To this end, 
suppose that rl , .~a E K, xl # x2 , X E [0, 11, and x = XX, + (1 - X) x2 . Then 
F := {a E -4(K) / a(q) = 0} and G :== {a E A(K) 1 a(xs) = 0) are elements of 
Z4 with (F n G) C H and (F+ n G+) C H+~. Therefore F = G, since H is 
-4-essential But. then .vr equals ~a which contradicts the previous assumption. 
II. Let K be a compact convex set with ex(K) closed. Then, the unit sphere 
S of I’ : = .4(K) contains a norm-closed subset A and a point z,, E A such that 
the conditions (I) to (4) are satisfied. 
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Proof of II. Put A := {u E A(K) 1 a > 0, I( a 11 = l> and z,, :=I lK . Then, 
conditions (I) to (3) are satisfied. Now, we turn our attention to condition (4). 
Suppose (QGJ and H have the properties described in (4). According to I., there 
are extreme points X, E ex(K) and a point x E K with Hz = {u E A(K) 1 a(~*) = 0} 
(i EJ) and H = {a E A(K) ( 4x) = O}. 
Since, for every a E A, there exists h, E H, such that a = h, + X,“a . z, , and 
on the other hand 
a = (a - u(q) * lx) + u(x,) . 1K = (a - a@,) . 1K) + a@,> . %I 
we obtain hf: = a(~,) and, likewise, h,H = u(x). Thus limzcJu(X,) = lim,,Jh,Hr 
= &H = U(X) for all a E A and so also for all a E A(K). Therefore limzEJ X, = X. -- 
This shows that x E (ex)K = ex(K). Using I(b) again we obtain that H is 
A-essential. 
IIL Let V be a real Banach space whose unit sphere contains a norm- 
closed subset A and a point so E A satisfying conditions (1) to (4). Then, there is 
a compact convex set K with ex(K) closed such that V is isometric to A(K). 
Proof of III. First, we note that C := Unbo h . A is a cone, since for a, , 
u2 G A and h, p > 0 the equality 
ha, + pa, = (A + PL) * (A * ul + & * Us) 
holds, where 
( 
x P 
A+P *al+ X+/i 
- . a2 ) E [0, l] * A, 
due to condition (2). In order to show that C n (-C) = {0}, we assume h, TV > 0, 
a,, u2 E A and ha, = --c~a, which leads either to the equality /\ = p = 0 or to 
the equality a, = -u2, since h = /\ . i] a, 11 = 1) X . a, )I = 11 p . u2 )I = 
p * /I a, I[ = p. But a, = -a2 contradicts condition (1). 
Thus, the cone C induces an order > on V. 
That the unit ball B equals {y E V 1 --z, < y < zo} is a consequence of the 
equivalence of the following statements for y # so and y # --so: 
(4 -ql <y <zo. 
(18) (Y + zo) E C and (z. - Y) E C. 
(7) There are h, TV > 0 with (y + x0) E hA and (so - y) E pA. 
(6) (Y + zo)/ll Y + z. II E A and b. - YM x0 - Y II E A. 
(4 IIYII G 1. 
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z, is an order unit in (V, <) since for every x E V there is n E N such that 
xEn.B={yEVl-~~~ydnz,}. We will prove now that C is norm- 
closed. To this end, let (P,,),~~ be a sequence in C converging to z E V. Choose 
h, 3 0 and (L, E A so that zn = X, * a, (n E IV). Then lim,,, h, = Em,,, (1 &a, 11 
= 11 z I\ . Without loss of generality, we may assume that 11 z 11 # 0. The following 
inequalities 
II 
1 
II 
1 Q,--Z’//Z(( =/I~ll%ll~ll--zll 
lim,,, X, = II z 11 and lim,,, &,a, = z result in 
Therefore 
1 
~a----EE=A 
II 2 II 
and z E C. Consequently C is closed. 
Let y E V and n . y < z,, for all n E N. Then ((l/n) z, - y) E C for all n E N 
and this implies that -y = lim n+m((l/n) z0 - y) E C = C. Thus (V, <, z,,) is 
an Archimedean ordered vector space with 
Using the well known representation of order unit spaces (see [I]) we obtain the 
existence of a compact convex set K and of an isometry 4 of V onto A(K) with 
$(z,,) = lz and +(A) = {u E A(K) I a >, 0, [( a (I = 1). It remains to prove that 
ex(K) is closed. Let (x& be a net in ex(K); further, assume that x E K and 
lim,,, X, = X. As we know by I(b), the hyperplanes Hi : = (a E A(K) I u(q) = O} 
are $(A)-essential, H := (a E A(K) I u(x) = 0} E ZdcA) and limi,, h3 = 
limiEJ a(~,) = u(x) = haH (et denotes the +(z,,)-coefficient) for every a E +(A). 
Due to condition (4), H must be +(A) -essential which implies that x E ex(K), 
according to I(b). 
The theorem is now a simple consequence of II and III. 
352 H. tJ. HESS 
ACKNOWLEDGMENT 
This paper origmates partly from a sectron of the author’s theses “Isomorphie- und 
Approximationsprobleme m A(K),” supervised by Professor D. Kolzow to whom the 
author is greatly indebted for posing questions related to the subject of this paper. 
1. E. M. ALFSEN, “Compact Convex Sets and Boundary Integrals,” Ergebnisse der Math. 
57, Springer-Verlag, Berlin’HeideblerglNew York, 1971. 
2. D. AMIR AND 2. ZIEGLER, Korovkin shadows and Korovkm systems in C(S)-spaces, 
J. Math. Anal. Appl. 62 (1978), 640-675. 
3. 2. SEMADENI, “Banach Spaces of Continuous Functions,” PWN, Warsaw, 1971. 
